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STRESS-DEFORMED STATE OF THE SHELL WITH A SMALL INITIAL
DEFLECTION UNDER THE ACTION OF THE END LOAD

Purpose of work. Construction of method for calculating the stress-strain state of cylindrical shell with small ini-
tial deflection, to which an end load is applied, using the method of characteristics. Comparison of the calculation re-
sults of the obtained model with the works of other authors in this area.

Research methods. For the calculation, the equations of motion of the Timoshenko type shell were used, taking
into account both the shear deformation and inertia of rotation, and some nonlinear terms, to which the method of
characteristics was applied. To obtain the equations of shell motion, the Hamilton-Ostrogradsky variational principle
was used.

Results method is proposed for calculating the stress-strain state of a cylindrical shell with a small initial deflec-
tion using characteristics. Comparative analysis of the calculation results with research in this area by other authors,
which showed the effectiveness of the proposed method.

Scientific novelty. The equations of the classical theory of shells, based on the Kirchhoff-Love hypotheses, which
do not take into account the shear deformation and inertia of rotation, as well as linear equations of the Timoshenko
type, have become widespread. In this work, a model of the stress-strain state of an axisymmetric shell with small initial
deflections is constructed, taking into account both shear deformation and rotational inertia, and some nonlinear terms.

Practical value. The proposed method can be used to calculate the stress-strain state of structures in which thin
shells are present as elements, taking into account small initial deflection. This method makes it possible to study the
influence of the characteristics of the initial deflection on the stress-strain state of the entire structure.

Key words: shell, small deflection, end load, equations of motion, characteristics.

directed along the generating line by the middle of the
shell surface, and the Oy axis is orthogonal to the Ox axis.

Questions related to the determination of the de-  we place the origin of coordinates at the end of the shell
formed and stressed state of elastic shells are urgent prob- (Fig. 1).

lems of mechanics. In particular, dynamic problems for
various types of shell loading are of interest. By now, the TLE
equations of the classical theory of shells, based on the 1y
Kirchhoff-Love hypotheses, which do not take into ac- C e — — — — — 1 »
count the shear deformation and rotational inertia have l
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Introduction

become widespread, as well as linear equations of the

Timoshenko type. In this work, a model of the stress-

strain state of an axisymmetric shell with small initial h

deflections is constructed, taking into account both shear r

deformation and rotational inertia, and some nonlinear |

terms. 1
In a linear formulation, unsteady waves in homoge-

neous shell structures were investigated in [1-2, etc.]. o )

Nonlinear problems of deformation of shell systems with Fig. 1. Geometric interpretation of the problem statement

geometric imperfections were considered by V.S.

Gudramovich [4]. Composite constructions in a nonlinear We NWiH assume that the shell has a small initial de-
formulation were solved in [3, etc.]. flection v,(x,y) in the middle surface. For the axisym-

metric case: Vy(x,y)=V,(x), v, — additional elastic de-

Mathematical formulation of the problem and
research results flection, v =v+v, — full deflection. In this case, in the

Consider a semi-infinite cylindrical shell of circular ~ expressions for deformations, only the components
cross-section with constant thickness 4. The Ox axis is  caused by the displacement of the dynamic deflection
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change, and they take the form:

~ ~ ~ 2 ~ \2
PRI (iU T R Y Y
ox 2 Ox 2\ ox

v, w2

1 + 1

e =
® R+y 2R+y)’

160 +%) o) 160 +%) 6@ +7%)
e, =—| ———+— |+ . -
() ox o) 2 Ox Oy

_L1ow % _
2 ox Oy

1w

2 o O

Here u/(x, y,t) — displacement along the generatrix of the
shell; v(x,y,t) — displacement along the normal to the

shell; R — middle surface radius.
We find the stress tensor components from Hooke's

law:
c (e, +V )+ Y .5
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Here t=0,,, £~ Young's modulus, v — Poisson's ratio.

We will look for displacements in the shell in this form:

2
F (.0 = u(x,0) + (y —S—Rw(x, )

‘N}(xa YV, t) = v(x, t) = vl (X, t) + VO (X,O), (3)
where the functions u(x,#) and v(x,t) can be considered

2
as the displacement of some cylindrical surface y =——,

12R
and v is the angle of rotation of the normal to the middle
surface.
Assuming (as is customary for thin shells) c,, =0,

troducing the notation: c% :Lz, ct :L
p(1=v7) 2p(1+v)

(p is the shell density) and using (1)—(3), we get:
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To derive the equations of motion for the shell, we use the
Hamilton-Ostrogradsky variational principle:

b}
3[(K -Thdt =0
7]
where K is the kinetic energy of the shell; IT is the poten-
tial energy of deformation. For a cylindrical shell, using
formulas (4), we get:
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The last term in the resulting equality is multiplied
by a correcting multiplier &>,

Substituting the obtained expressions for the poten-
tial and kinetic energy in (5), and taking into account that
the variations of the functions du, dv;, dy are independ-

ent quantities, we find three equations describing the axi-
symmetric motion of a cylindrical shell with an initial
deflection.
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When deriving these relations, it was assumed that it
was possible to neglect nonlinear terms containing the
function u and its derivatives, as well as nonlinear terms
that include the displacements v1 and vO or their deriva-
tives if the degree of these terms is higher than two.

Next, we expand the coefficients in the resulting sys-
tem (8) by degrees of h / R and retain only the senior
terms in the expansion, as a result we obtain the following
Timoshenko-type equations for the shell under considera-
tion:
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They represent a hyperbolic system of equations for
the dynamic state of the shell. It is of interest to construct
a solution to the problem considered here using character-
istic equations. To begin with, we pass in equations (9) to
dimensionless variables by the formulas:

(10)

Then system (9) is reduced to the following:

Utt =Uxx+(V1x+V0x)'lex+F‘l;
Wy :\Vxx+F2-

Ve =2 k2+2vVl)V s an

where for convenience the following notation is intro-
duced:

E :VV1x+VVl'V1x+V0xx'le.

2 2
12
F ——(v+12k—JVu i, s
X X

F3 :czkz\Vx _Vl _VUx _%(le)z -

(12)

In addition, the continuity conditions are satisfied
along any direction:

dU, =U, dt+U, dx ;
dVyy =V dt +V,, dx
Ay, = dt+y dx
dU, =U, dt+U, dx;
dvy, =V, dt +V,, dx;

dy, =y, dt +v, dx. (13)
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Getting rid of the mixed derivative in equations (13),
they can be rewritten as:

U U, (dx] +d(U,)_d(UX)dx.
dt dt (dp)?
2
de " d(y,) d(y,)dx
= _— —+ — M
\Vtt Wxx(dt) dt (dt)2
2
dx\" d,) d)dx
Vl,,=Vm(—] $ 20 _d0dx gy
dt dt (dr)

Let us consider the second equations of system (11),

(14) separately, since they do not depend on
U...Uy s Vig> Vi - Without them, if we substitute U,, and
I/ltt

from (14) into equations (11) and introduce the fol-
lowing notation:

Y=I/1x+VOx B _C +2VVI
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dx ’
+d(U,
( )(dt)2
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we get a system of two equations for U, and V., :
dx 2
—) =1U =Y Vi =Dy
|:( dt) :| o Y e 1
dx., 2
—) =B Vi = D3 16
[(dt) p } 1o = D3 (16)

For this system to be linearly dependent, the follow-
ing relationships must be met:
@,

(4)-
) v O gy

0 - @2—132 o,
dt

from which we find the characteristics and ratios on them:

dx = +Pdt ;
Fy-dxFB-dV;, +B*dV;, =0;
dx:idt;

—(Fydx 3V, +d(, )= 1-B*)Fdx T dU, +dU).(13)

Now consider the system obtained from the second
equations of relations (11), (14):

Vi =Waix + FZ )
dx _dy, d\‘rlx ﬂ
Ve~ (dt) Vo =70 "

Let us find the characteristics from the equality to
zero of the determinant of the system — A, and the rela-
tions on them from the equality to zero Al:

a9

1 -1
A= dx )| =0
(5
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dt  dt \dt)

Therefore, on the characteristics dx = +dt, we ob-
tain, in addition to (18), the following relations:

where [, =

F,-dt=dy,Fdy, . Q1)

The initial conditions were assumed to be zero. The
mechanical effect on the shell was modeled by setting the

particle velocity at the end ;zg in the form:

U, = te'™" . Numerical calculations were carried out at
dx=dt=0.001,k>=0.87,x,=0, E=2.1%10""H/m?

! s % =0.05, by the method of characteristics, which

is described in detail in [5—7]. The function plots show the
distributions of velocities for different points in time:

(=25 (plot 1), t=4 (plot 2), (=55 (plot 3). Here Fig. 2
and Fig. 3 correspond % =0, and Fig. 4 and Fig. 5 —
Vo () = 0.01-(}2 —6x+ 8) for xe[2;4]. v(x)=0 for

xe[24].
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Fig. 2. Velocity distribution U, at % =0
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Vi 1. deflection, as well as for various types and durations of
93r 2. ___ end loading. In general, the results of this study are in
0.z T — good agreement with studies in this area by other authors,
0.1 e e they show that the linear theory is quite acceptable when

- P —_ ® studying the transfer of a load impulse in a homogeneous
90 N shell and in a shell with a small initial deflection, the fig-
0.1 / ures show the effect of nonzero deflection on the de-
ok formed state of the shell. In both cases, a rapid decay

0010 152025303540 45 5055 650 65 damping when moving away from the loading edge.
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Analysis was carried out for various geometrical and

physical parameters of the shell with a small initial Qeparcano 20.04.2021

Hicna oopoobxu 21.05.2021

HoxyeBa I. C. Jlepunuska T. I. Hanpy:xeHo-1epopMoBaHuii cTaH 000J0HKH 3 MAJUM MOYATKOBUM IPOTrH-
HOM HiJ Ti€10 TOPIEeBOr0 HABAHTAKEHHS

Mema pooomu. I106y008a Memoouxu po3paxyHKy HANpyHceHo-0epopmMo8ano2o cmany YumrHOPpUYHOi 0OONOHKU 3
MAUM NOYAMKOBUM NPOSUHOM, 00 AKOI NPUKAAOAEMBC MOPYese HABAHMAICEHHS, 3 BUKOPUCMAHHAM Mmooy Xapak-
mepucmuxk. 3icmasients pe3yibmamis po3paxyHKy OmpuManoi mooeni 3 pobomamu iHWUX A8mopis y yiti ooracmi.

Memoou oocnidscenna. /[na po3spaxyHky Oyi0 6UKOPUCTNAHO DIGHAHHA pyXy 006o0n0oHKu muny Tumowienko, wo
epaxosyroms AK Oegpopmayiro 3cy8y il iHepyito obepmanHs, Max i OesKi HeaiHiliHI YieHU, 00 AKUX 0y8 3acmoco8aHull
Memoo xapaxmepucmuk. [l 6uso0y pieHAHb pyXy 0DONOHKU 3aCmOoco8ysascs eapiayiinui npunyun I aminemona-
Ocmpoepadcekoeo.

Ompumani pe3yromamu. 3anponoHo8ano mMemoo po3pPAxXyHKY HANPYHICEHO-0eoPMOBAHO20 CMAHY YUTIHOPUUHOL
000IOHKU 3 MATUM NOYAMKOGUM NPOSUHOM 30 OONOMO2010 Xapakmepucmuk. 1Ipogedeno nopieHANbHULL aHANi3 pe3yilb-
mamie po3paxyHKié 3 0OCHONCeHHAMU 8 Yill obnacmi THWUX asmopis, Wo NoKA3de eheKmusHicCmsb 3anpOnOHOB8AHO20
Memooy.

Haykoea nosusna. [llupoke nowuperus 00epaicanu pi6HAHHA KIACUYHOI meopii 000I0OHOK, 3ACHOBAHI HA 2inome-
sax Kipxeogpa-Jlasa, wjo e epaxosyioms degpopmayito 3cy8y U iHepyito 00epmanHs, a MaKodiC NiHIUHI PIGHAHHA MUny
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Tumowenko. Y oaniti pobomi nobyooeana mooeib HaNPysHceHo-0eqhopmMosanoeo Cmany ocecumMempuiroi 000I0HKY 3
MATUMU NOYANKOBUMU NPOSUHAMU, WO BPAX0BYE K Oedopmayiro 3¢cyey U iHepyito 00epmanHs, max i 0esKi HeaiHitHI
uneHU.

Ilpaxmuuna uyinnicmos. 3anponoHo8aHUll Memoo Modce Oymu SUKOPUCMAHUL OJisi PO3PAXYHKY HANPYICEHO-
OdepopmoBano2o cmany KOHCMPYKYIl, V AKUX NPUCYMHI Y AKOCHI eleMeHmMI8 MOHKI 0O0JOHKU 3 HAAGHICTIO MAN020
no4amK06020 npo2uny. Januil Memoo 00380JA€ NPo8OOUMU O0CIIONCEHHS GNIUBY XAPAKMEPUCTIUK NOYAMKOBO20 NPO-
2UHY HA HANPYICEHO-0ePOPMOBAHUL CMAH BCIEL KOHCMPYKYIL.

Knrwouosi cnosa: obononka, manuti npocut, mopyege HaA8AHMANCEHHs, DIGHAHHS PYXY, XAPAKMEPUCTIUKU.

Hoxyesa U. C., Jlesunkas T. . Hanps:xeHH0-1e¢dOpPMUPOBAHHOE COCTOSIHME 00010YKHU ¢ MAJBIM HAYAIb-
HBIM NPOrUOOM IOJ JeiCTBHEM TOPLEBOIl HATPY3KH

Llens pabomwi. I[locmpoenue memoouku pacuema HanpaiceHHo-0ehOpMUPOBARHO20 COCMOAHUSA YUTUHOPUYECKOU
0007104KU € MATLIM HAYATLHBIM NPO2UOOM, K KOMOPOU NPUKIAObIBAENICsl MOPYesds HA2Py3Kd, ¢ UCNOIb308AHUEM Me-
mooda xapaxmepucmuk. Conocmasienue pe3yibmamos paciema noay4eHHoOU Mooeau ¢ pabomamu Opyeux aemopos 6
amoti obnacmu.

Memoowt uccnedosanus. /[na pacuema ucnoab3o8aiuch ypagHenus 08udiceHus ooonouku muna Tumowenko, yuu-
mulearowue Kax 0eopmayuio cosued U UHePYUuro 8paweHus, max U HeKomopble HeluHelnble YleHbl, K KOMopbim Obll
npuMenen Memoo xapaxmepucmux. s 6b1600a ypasHeHuti 08UdHCeHUss 000N0YKU UCNONbI0BAIC BAPUAYUOHHBIM NPUH-
yunom I amunvmona-Ocmpozepadckoeo.

Ilonyuennvie pesynomamol. I[Ipeonodicen Memoo pacuema HanpsdiCeHHo-0eqQhOpMUPOBAHHO20 COCMOSHUSL YUTUH-
Opuueckoli 000IOUKU C MATBIM HAUATLHBIM HPOSUDOM C NOMOWbIO Xapakmepucmuk. [Iposeden cpasHumenbHulll AHATU3
PE3YIbMAmos8 pacuemos ¢ UCCIe008aHUAMU 8 IMOU 00aacmu Opy2ux asmopos, KOmopbulii HOKA3anl dppexmusHocms
npeoNioAHCEHHO20 Memood.

Hayunasa noseusna. Illupoxoe pacnpocmpanenue noayuunu ypagHeHus KAAcCU4eckou meopuu 0bO0I0YeK, OCHO-
sanuvie Ha eunomesax Kupxzogha-Jlnsa, ne yuumevisaiowue degpopmayuio cosuea u UHEPYUio 8pawjenuss, a maxaice -
Hetinvle ypasnenus muna Tumowenxo. B oannoii pabome nocmpoena mooenv HAnpsidscenHo-0epopmuposanHozo co-
CMOSIHUSL OCECUMMEMPUYHOT 000IOUKU C MATLIMU HAYATbHLIMU NPOSUOAMU, YUUMbBIBAIOWAs KAK Oedhopmayuro cosuea u
UHEpYUIo 8pAWeHUs, MAK U HEKOMOPble HeTUHEelHble YNeHbl.

Ilpakmuueckan yennocme. IIpeodnodcennviii Memoo modicem Oblmb UCNOAL3I0BAH Ol pACHEMA HANPAICCHHO-
0ehopMupoB8anHo20 cOCMOAHUS KOHCMPYKYUL, 8 KOMOPLIX NPUCYMCBYIOM 8 Kayecmeae 21eMeHMm08 MoHKUue 00010YKu
€ YUemom Mano2o HayaibHo2o npozuba. [annulii memoo no3eosisem npoeooums Uccie008anue GAUAHUS XapaKmepu-
CMUK HAYATILHO20 NPO2UOA HA HANPSNCEHHO-0eDOPMUPOBAHHOE COCMOSIHUE 6Cell KOHCMPYKYUU.

Knrwuesvle cnosa: o6onouxa, manslii npo2ud, mopyesas Hazpy3Kd, YPAaeHeHUs O8UINCEHUS, XAPAKMEPUCTIUKU.





